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Abstract: Spiral patterns in some disc galaxies have two arms in the centre, and three or more arms on the periphery.
The same result is also obtained in numerical simulations of stellar and gaseous discs. We argue that such patterns
may occur due to fast cooling of the gas, resulting in formation of giant molecular clouds. The timescale of this
process is 50 Myr, the factor of 10 shorter than of ordinary secular instability. The giant molecular clouds give rise
to multiarm spirals through the mechanism of swing amplification.
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1 Introduction
The spiral pattern of disc galaxies does not always have
the form of two, symmetrically located arms extending
from the centre or the central bar to the edge of the disc.
Often the pattern has two arms in the central region, and
more arms in the outer parts (see Fig. 1). The same phe-
nomenon was observed in recent stellar-gas simulation by
Korchagin et al. (2016, hereafter K+). According to their
conclusion, the presence of the gas component radically
changes the evolution of the galaxy, despite small mass of
the gas.
If gas evolution is neglected, then slow formation of
the stellar bar without appreciable spirals is observed,
with the e-folding time Te ≈ 500Myr. In the presence of
the active gas component, a two-arm spiral is formed at
the centre of the disc and a three-arm spiral is formed
at the periphery, with the formation rate being approxi-
mately an order of magnitude higher. The purpose of this
paper is to analyse the model of the Galaxy used by K+,
and to suggest a mechanism for multiple arm formation.
Corresponding Author: Spiegel Lubov, Institute of Astron-
omy, Russian Academy of Sciences, 48 Pyatnitskya St., Moscow
119017, Russia; E-mail: spiegel@inasan.ru
Polyachenko Evgeny, Institute of Astronomy, Russian Academy
of Sciences, 48 Pyatnitskya St., Moscow 119017; E-mail: epoly-
ach@inasan.ru
2 The Galaxy model
Following K+ we adopt a model consisting of two active
and two fixed components. The active components are
a thin stellar disc and a gaseous disc that governed by
the corresponding dynamical equations. The fixed com-
ponents (a halo and a bulge) are given by an unchanged
external gravitational potential.
For the thin stellar disc, an exponential surface den-
sity profile is adopted:
Σ0(R) = Σ∗e−R/Rd , (1)
where Rd = 3 kpc and Md = 2piR2dΣ∗ = 4 · 1010M are
the radial scale length and the mass of the disc. A radial
velocity dispersion profile is
σR(R) = σ0e−R/Rσ , (2)
with Rσ = 6.4 kpc and σ0 = 120 km/s, so that the dis-
persion in the solar neighbourhood is 34 km/s.
In our model the density and turbulent sound speed
of the gaseous discs are smooth functions of radius: in-
stead of the gaseous disc of mass Mg = 4 · 109M
with flat density profile Σg0 = 15.7M/pc2 trimmed at
R = Rg = 9 kpc, we use Kuzmin-Toomre disc
Σg0(R) =
Σg∗
(1 +R2/R2g)3/2
(3)
with central surface density Σg∗ = 39.7M/pc2 and the
radial scale Rg = 6 kpc. For these parameters, the mass
of the disc inside R = 9 kpc is still equal to 4 · 109M,
and the gas density in the solar neighbourhood turns out
to be 8.6M/pc2. Also, in our work we have adopted
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2 Multiarm spirals
Fig. 1. Examples of disc galaxies with three or more peripheral arms (from the left): M83 (RGB, Anglo-Australian Observatory), NGC
1187 (BV, VLT), NGC 5054 (JHK, 2MASS), ‘Milky Way’ (reconstruction).
a sound speed profile that is different from the constant
cs = 8 km/s adopted in K+:
cs(R) =
c0
(1 +R2/R2g)1/2
, (4)
where c0 = 5.8 km/s, and 3.5 km/s in the solar neighbour-
hood.
For the halo potential, the pseudo-isothermal profile
is selected,
ρh(r) =
ρh0
(1 + r2/a2h)
, (5)
where ah = 3 kpc is the characteristic halo scale, and
the central density is ρh0 = 0.085M/pc3 is determined
from the condition that the halo mass inside the radius
rh = 12 kpc is 7.7 · 1010M.
The bulge is given by the Plummer distribution
ρb(R) =
ρb0
(1 +R2/R2b)5/2
, ρb0 = 47.6M/pc3 , (6)
with the bulge scale Rb = 0.44 kpc. This density profile
suggests the bulge mass within r = 1.5 kpc equal to 1.5 ·
1010M.
Fig. 2 a shows profiles of the circular velocity Vcirc(R),
the radial velocity dispersion of the stars σR(R), and the
turbulent sound speed cs(R). Fig. 2 b shows the profiles
of the surface density of the stellar and gaseous discs.
Our rotation curve does not coincide with the rota-
tion curve given in K+, and this can not be explained
by the difference of the gas components. For example, a
sharp drop in the rotation curve from K+ after the max-
imum at 1.2 kpc cannot be explained by the change of
the gas distribution. Apparently, the curves given in K+
refer to the state of the system that has already left the
initial non-equilibrium state.
This is also evidenced by the comparison of profiles
of Toomre stability parameters for the stellar and gaseous
discs presented in Fig. 2 c:
Q ≡ κσR3.36GΣ0 , Qg ≡
κcs
piGΣg0
, (7)
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Fig. 2. The Galaxy model profiles: a) the rotation curve Vcirc(R),
the radial dispersion of the velocities of the stars σR(R) and the
turbulent sound speed cs(R); b) the surface density of the stel-
lar and gaseous discs; c) Toomre parameters(7) for stellar and
gaseous discs. In panels b) and c) the short dashes show the cor-
responding profiles for the gaseous disc for the initial parameters
adopted in K+.
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where κ is the epicyclic frequency. Indeed, Q(R) profile
turned out to be close to the dependence given in K+ for
the region R > 2 kpc. However, Qg(R) profile for param-
eters adopted in K+ (short dotted line in Fig. 2 c) differs
from the behaviour of Qg(R) given in their Fig. 1, right
panel. Since Toomre stability parameter is a measure of
the dynamic temperature, Qg(R) profile in K+ reflects
presence of rapid cooling, resulting in significantly lower
sound speeds than 8 km/s.
Modelling of secular evolution and formation of spi-
ral structures usually assumes stability of the stellar and
gaseous discs with respect to axisymmetric perturbations.
In non-interacting discs, it requires Q,Qg(R) ≥ 1. The
interacting discs are more unstable, so the boundaries of
stability in terms of the Toomre parameter shift towards
higher values. However, if the discs are very different in
mass and dynamical temperature, the correction terms
turn out to be of the order  ≡ Σg0/Σ0 (see Appendix).
Thus, the presence of a stellar disc cannot be responsible
for the rapid fragmentation of the gaseous disc.
In the model with fixed gas component, the stellar
disc forms a bar (see Fig. 5 of K+). A growth rate of bar
formation depends on model parameters, such as a num-
ber of particles N and a type of the halo. If the fixed
halo potential (rigid halo) is substituted by a live halo,
the growth rate increases by factor 2 or 3 (Polyachenko et
al., 2016). From the growth of m = 2 perturbation ampli-
tude in K+, one can estimate the time of the exponential
growth of the bar, which is Te ≈ 500Myr. In a simi-
lar model with the live halo, Polyachenko (2016) received
Te ≈ 330Myr. When gas simulation is turned on, a three-
arm spiral in the stellar component appears during 170 ...
200Myr, which corresponds to a time scale Te ≈ 40Myr.
Approximately the same period, 100 ... 150Myr, is re-
quired for formation of the three-arm spiral. This time
interval is a typical dynamic time of the order of the ro-
tation period at radii 4 ... 6 kpc.
3 Gas disc fragmentation
Stability analysis of the gaseous disc using matrix method
by (Polyachenko, 2017) shows absence of unstable global
modes with growth rates ωI > 1Gyr−1, or Te <
1000Myr. Therefore, the only dynamical mechanism that
could lead to the rapid formation of clouds is the Jeans in-
stability of the cold gaseous disc, i.e. one should anticipate
the disc with Qg < 1. A value of Toomre parameter that
leads to fast fragmentation of the disc with Te ≈ 40Myr
can be found from the linear stability theory.
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Fig. 3. The growth rate of the perturbations with the number of
arms m = 0...4 as a function of the minimum value of Qg(R).
A preliminary estimate of this value can be made
using WKB theory, assuming m = 0. From equation (A2)
we find the most unstable wave number, kˆg = 2/Q2g, and
corresponding growth rate
ωI = κ(Q−2g − 1)1/2 , (8)
The loss of stability occurs at a radius of R ≈ 6.4 kpc
corresponding to the minimum of Qg, where κ(R) =
53Gyr−1. Therefore, for the growth rate of ωI =
25Gyr−1, we obtain Qg ≈ 0.9.
Fig. 3 shows the maximum growth rates for m = 0...4
as the gas temperature varies, obtained with the ma-
trix method for gaseous discs (Polyachenko, 2017). The
unstable axisymmetric solution with Te = 40Myr, or
ωI = 25Gyr−1, appears at Qg,min ≈ 0.92, close to the es-
timate given above. The unstable three-arm spirals with
this same Te appears at Qg, min ≈ 0.79.
Fig. 4 shows the sound speed profile corresponding to
Qg, min ≈ 0.79 in the gaseous disc. For gas surface density
16M/pc2 at R = 5 kpc, cs ≈ 4 km/s corresponds to
Qg ≈ 1.2. Our calculations show that instability with the
needed growth rate for harmonics m = 0...3, requires gas
cooling to cs ≈ 3 km/s.
4 Formation of the stellar
multi-arm spiral
The cooling leads to gas fragmentation resulting in nu-
merous molecular clouds. The latter affect stellar popu-
lation of the galaxy. Toomre (1981) reported on an effect
of extraordinary rapid formation of two-arm spirals as
a reaction to a quadrupole, time-limited perturbation of
the stellar disc. In his model, the isolated disc was stable
to the formation of spirals with any azimuthal numbers
m. The spirals appear due to the so-called swing amplifi-
4 Multiarm spirals
 0
 5
 10
 0  2  4  6  8  10
c s
 
[km
/s]
R
initial
cooled
K+
Fig. 4. Sound speed profiles cs(R), adopted in our model (solid
line), in K+ at the initial moment (short dashed line) and cor-
responding to the cooled model with Qg, min ≈ 0.79 (dashed
line).
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Fig. 5. The profiles X(R) for m = 2, 3, 4.
cation mechanism, which depends on two parameters, Q
and X,
X ≡ λθ/λcrit , (9)
λθ = 2pi/kθ = 2piR/m, λcrit = 4pi2GΣ0/κ2. As follows
from the middle panel of Fig.7 in Toomre (1981), max-
imum amplification for Q = 2 corresponds to X ≈ 1.8,
and the effect vanishes for X & 3 (see also Binney &
Tremaine, 2008, Fig. 6.21).
The profiles X(R) in Fig. 5 show that for m = 2,
X(R) passes too high, so this mechanism can effectively
support the two-arm spirals in the central region only. For
m = 3, the valueX = 1.8 occurs at 4.4 kpc, where a three-
arm spiral is to be observed. It is precisely the radius
where such a three-arm spiral is observed in the numerical
experiment by K+. Notice that a four-arm spiral on the
periphery of the disc (at R > 7 kpc) is also possible.
5 Conclusions
Here we analyse the numerical experiments by Korcha-
gin et al. (2016), in which the appearance of a three-arm
spiral in a thin stellar disc was demonstrated in the pres-
ence of a gaseous disc. Similar features of spirals are noted
in a number of disc galaxies. We suggest that three-arm
spirals can be explained by the rapid cooling of the gas
component, which is accompanied by the appearance of
molecular clouds. The latter, in turn, induce multi-arm
spirals through the swing amplification mechanism.
As follows from the graphs of Toomre stability pa-
rameter Q and Qg, the initial value of the turbulent sound
speed equal to 8 km/s, turn very quickly to 4 km/s at a
radius R = 5 kpc. The needed cooling for the scenario
described above is 3 km/s. We believe that this is quite
realistic. In the future, we plan to test our hypothesis for
multi-arm spiral formation using N-body simulations.
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Appendix: Axisymmetric stability
of interacting stellar and gaseous
discs
The isolated stellar and gaseous razor-thin discs in
tightly-wound approximation are described by the dis-
persion relations (see, e.g., Binney & Tremaine (2008)):
Ds(s, k) ≡ s2 − 1 + |kˆs|F = 0 , (A1)
Dg(s, k) ≡ s2 − 1 + |kˆg| −
Q2gkˆ
2
g
4 = 0 , (A2)
where
s ≡ ω∗
κ
, ω∗ ≡ ω−mΩ , kˆs ≡ k
ks, crit
, kˆg ≡ k
kg, crit
,
k is a wavenumber, ks, crit = κ2/(2piGΣ0), kg, crit =
κ2/(2piGΣg0), cs is the (turbulent) sound speed, F is the
reduction factor, which can be written explicitly for the
Schwarzschild distribution function. Assuming s = 0, we
have:
F(0, χ) = 1
χ
(1− e−χI0(χ)) , (A3)
χ ≡ σ2Rk2/κ2, σR is the radial velocity dispersion, I0 is
the modified Bessel function.
In disc galaxies one typically has Σg0  Σ0 and cs 
σR, thus one can introduce two small parameters:
 ≡ Σg0/Σ0 , δ ≡ cs/σR . (A4)
Self-gravitation of the gaseous disc affects motion of stars
and makes the stellar disc less stable. Loss of stability in
isolated discs with respect to axisymmetric perturbations
occurs at Q = Qg = 1, or kˆs, kˆg ∼ 1. However, since
ks, crit/kg, crit = , the most vulnerable wave numbers in
stars and gas are strongly separated, thus the resulting ef-
fect is negligible. Let’s find the corresponding corrections
to the Toomre parameters for interacting discs using a
joint dispersion relation:
Ds(s, k)Dg(s, k) = F kˆskˆg . (A5)
An analogous joint relation was obtained previously by
Rafikov (2001) and Romeo & Falstad (2001), but analysed
in a different manner.
In case of the stellar disc, we denote kˆ = kˆs, then
kˆg = kˆ, and the dispersion relation takes the form:
s2 = 1− |kˆ|(F + ) +O(2) . (A6)
A small correction proportional to  contributes to the
critical value of the Toomre parameter in the presence of
the gaseous disc:
Q(i) = 1 + 1.822+O(2) . (A7)
Note that this expression doesn’t depend on Qg, since
the critical wavelength is too large for the gas pressure to
play any role.
For the gaseous disc, it is convenient to redefine kˆ so
that kˆ = kˆg. Thus, kˆs = −1kˆ, and the dispersion relation
for the gaseous disc takes the form:
s2 = 1−|kˆ|+Q
2
gkˆ
2
4 −3.5

Q2
(
1
|kˆ| +
Q2g
4−Q2g|kˆ|
)
+O(2) .
(A8)
The critical wavelength at which the loss of stability oc-
curs is given by the expression:
|kˆ∗| = 2
Q2g
(
1− 3.5
Q2
[
4
Q4g
− Q
4
g
4
])
+O(2) , (A9)
and the presence of the stellar disc shifts the critical pa-
rameter for the gaseous disc, Qg = 1, to:
Q
(i)
g = 1 + 1.75Q−2+O(2) . (A10)
